Appendix A

Relationships among Yields

There are a number of relationships between the different yields ®gr(t), ®rr(t),
$s5(t), and Prg(t) that can be derived.

A.1 Steady-State Yields

First, in the Schrodinger formalism, using X = S or T' to indicate initial singlet or
triplet states, since

Dxsloc) = [T OQsU (Bt and Bxr(o) = [T OQri () f (D)t
(A.1)
one gets that

Dxs(oc) + Pxr(o0) = [TV OO (Odt = [T (1)t = £0) = N(©) =1 (A2)

because the time-dependences f(t) are always normalized (£(0) and N (0) are defined
in Section 3.1.2). The above is done assuming ¢ (¢) is normalized so that the total
probability is always equal to one. The () in egs. (2.24) and (2.26) do not behave
this way.

Similarly, in the Liouville formalism, one has (using px () in place of p(t) to denote
the initial state)

CI)XS(OO) + CI)XT(OO) = kst?“ AOO QSPX (t)dt + ]{JTtT /Ooo QTPX (t)dt. (A3)

Then, since

PO _ L), ox(0)- ~ 105 ox @)~ Trox 0l (a)
one gets

fow ldp;(t(t)] at (A5)

- _% 000 tr[H(t), px(t)]-dt — % OOO tr(Qs, px (1)) +dt — %T 000 tr(Qr, px ()] +dt
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which gives

trpx(00) — trpx (0) = —kstr /O T Qepx(D)dt — krtr /0 T Qupx (£)dt (A.6)
or
—tTpx(O) == —(I)Xs(OO) - (I)XT(OO) (A7)
and since px(0) = Qx/trQx, this gives
1= CI)XS(OO) + CI)XT(OO). (A8)

The above two proofs hold for any time-dependent Hamiltonian H(t), for any set
of kg, kr, and for any cage dynamics time-dependence f(t) that satisfies [;° f(t)dt =
1. The result of the above two proofs is reasonable since there are only two decay
channels, and all the initial probability must eventually decay via one channel or the
other.

A.2 Time-Dependent Yields

The next few proofs attempt to verify the relationship
ks®sr(t) = 3krPrs(t) (A.9)

which empirically seems to hold at all times for any steady Hamiltonian (even for very
anisotropic Hamiltonians that do not commute with Qg or Qr), any set of kg, k7, and
for some oscillating field configurations. All of the following proofs use the Liouville
formalism.

A.2.1 p(t) is Hermitian

The first thing to note is that when A(t) = —+H(t) — 5(ksQs + krQr)
dp(t i k k
P _ L) o0~ 105, o]~ L1Qr. o] = AW)) + () A"
(A.10)
Here A*(t) is the adjoint (complex conjugate transpose) of A(t).
1

%H*(t) - %(/@Q; + krQF) = ZH(t) - %(/fst Y krQr) (A1)

holds because H = H™" (since H is Hermitian) and Q¢ = Q& and Q7 = Q7 (since
Qs and Qr are real and symmetric).

Thus, since the p(0) used here are always Hermitian, p(0) = p*(0) holds, and
initially one has

AH(t) =

W At + oA O] (A12)
= PO + AW 1)
= (A1) + ADp(t)
= AWplt) + DA
dp(t)
= a
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Thus, since p(0) begins as Hermitian, p(¢) remains Hermitian for all time ¢ (as in
eq. (2.41)). This result holds for any set of kg, k7 and any time-dependent Hamilto-
nian H(t).

A.2.2 (I)ST(t) = 3(13T5(t) when k = ]435 = kT

Next, if kg = k7, the term %(kSQS + krQr) becomes % giving A(t) = —% (t) — g

and AT(t) = £H(t) — £. These allow px(t) (p(t) for the initial state X) to be written

pX(t) _ efotféH(t’)dt’pX(O)e J%H(t’)dt’e—kt (A13)
= R(t)px(0)R™'(t)e ™.

Thus one gets, using px(0) = Qx/trQx,
Dor(t) = k [ rlQros(t)]dt (A.14)

~ /Ottr[QTR(t’)tfgS

= & [ 0lQrREQsR()

R—l(t/)e—kt’]dt/
R
trQs
— ok /0 [tr(R(E)Qs R (1)) — tr(QsR(t)Qs R~ (t'))]
1
trQs

6fkt/ dt/

—kt' 341
——e " dt
tTQS

— /Ot[trQS—tr(QSR(t’)QSR‘l(t’))] e gy

and
S30rs(t) — 3k /Ottr[QSpT(t/)]dt/ (A.15)
-y /OttT[QsR(t’)tng

= 3k [ Qs R()Qr R (1)

Rfl(t/)efkt/]dt/

—kt' 341
——e " dt
3tr Q S

= k / t trlQsR(tQrR ()] e dt!
0

trQs

= k /Ot [tT(QsR(t/)Rfl(t/)) . tr(QSR(t/)Qstl(t/))] K gy

t?“QS

e—kt’ dt/

_ /Ot[ws — tr(QsR()Qs R (1))

so that for any time-dependent Hamiltonian H(¢) when k = kg = kr, the two quan-
tities ®gr(t) and 3Prg(t) are equivalent (and so (A.9) holds).
Note that with the relations (A.8) and (A.9) proved so far, one gets

1
CI)TT(OO) =1- gq)ST(OO) or 3CI)TT(OO) =3— (I)ST(OO) (A16)
which seem to hold in Fig. 2.1 for example.
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A.2.3 ]{ESCI)ST(t> = SkT(I)TS(t) when ]{35 7é kT

Finally, if H(¢) and A(t) in eq. (A.10) are constants (no restrictions on kg, kr this
time), one can expand the Hermitian matrix p(¢) in terms of ¢

p(t) = i a,t" (A.17)

where «,, are time-independent Hermitian matrices. Eq. (A.17) can be evaluated
using

p(t) = ap+ (a1 + (.2 + (n—1 + ant)t)...) L. (A.18)
Plugging eq. (A.17) into eq. (A.10) gives
i nopt" ! = i(Aan + o, AT)" (A.19)
n=1 n=0
i(n + Dap i t" = i(Aan + o, AT)" (A.20)
n=0 n=0
or, equating powers of t,
ap=p(0) and au4 = %H(Aan + a,AT) for n>0. (A.21)

The above way can be useful for calculating yields versus time, but probably is com-
parable in speed to a Runge-Kutta method.
Using the above, or its equivalent

ag = p(0) (A.22)
1
a, = —(Aa, 1 +a, 1AT) for n>1
n
one gets that
12 n!
=—) — A" ATy A2
fn nlg:o?“!(n—r)! p(0)(A7) (4.23)
so that
a; = Ap(0) + p(0)A* (A.24)

0y = 3A%(0) + 24p(0) 4 + p(0)(4" )
0y = LATH(0) + BA%(0)4° 1 BAPO)(AY)? + p(0)(AV)]
o 2—14[A4p(0)—|—4A3p(0)A++6A2p(0)(A+)2+4AP(O)(A+)3+P(O)(A+)4]'

Also, using eq. (A.23) and the facts that «p is Hermitian and (ABC)T = CTBtA*
(and swapping r for n — r) one gets

L1

a —_ —
moopl

" n! 1 & n!
A" o (AT = =Y ————— ATqy(AT)"T" = q,. (A.25
Tz:;)r!(n—r)! o (A7) n!rz:;)r!(n—r)! @o(47) o )
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Thus one has that all a,, (and so p(t)) are Hermitian.
Next, to show that the relation

1 3

E(I)ST( )= ]{J_SCI)TS( ) (A.26)

is true, it is useful to assume (A.26) is true and to convert it to an equivalent expression
(like (A.38)) that can be proven true. Thus one has, using

Qs Qr
rQs trQr

where «,, uses eq. (A.23) with p(0) = pg(0) and 3, is «a,, in eq. (A.23) when p(0) =
pT(O)7 that

ps(0) = ap = and pr(0) = By = (A.27)

b (QT / t pg(t’)dt/> ~ 3ty (QS Ot () dt! (A.28)
< / Zan ”dt> = 3tr <Qs /Otgjoﬁn(t’)”dt’> (A.29)
tr (QTZO‘”T;) = 3tr< Szﬁ”tm) (A.30)
,i iltr(QTom)t”+1 = SZ Tir(Qs )" (A.31)
swhich holds for all £ and so must give

tr(Qrom) = 3tr(Qspbn) (A.32)
Tio r!(nl_ Tﬂtr(QTA;?SgA*)”T) _ Zo r!(nl_ r)!3tr(QsA;?%T(A+)"T) (4.3
ér!(nl_r)!tT(QTATt?c;(SAﬂn_T) - ;n%r;(nl_r)!tT(QSA;%(SAﬂn_T) (A.34)
éWtT(QTATQS(AJr)nr) _ 2;; ﬁ Qe Or(ATT) (A35)

[ e 7T warry
S = Sy G

which gives when the lower terms (which are equal) are dropped and the upper left
trace is rearranged the result
Xn:é (Q (A*)” TAT) — i#
Sl = C Srln—)!
Then using tr(M) = tr(M7*) and (ABC)T = CTBT AT (AT is the transpose of A),
(A.37) reduces to

n n

Z —) tr(Qs(AT)" A" Z — tr(Qs(A)" T (AT)).  (A.38)

tr(QsAT(AT)"™). (A.37)
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Note that if the Hamiltonian H is all real, one gets from eq. (A.10) that AT = A*
and A = AT. This lets eq. (A.38) convert to:

n n

Z i tr(Qs(AT)"TA") = Z ) tr(Qgs(AT)" A" (A.39)

which lets the relation ks®sr(t) = 3krPrg(t) hold, as desired.

The proof for more general steady Hamiltonians (for which the relation still seems
to hold) is less obvious. One case where the Hamiltonian is complex is when a
magnetic field has a component along the y axis. If this ¥ component is in the
xy or yz plane, it can be treated via a coordinate transform as if the field were
completely in the zz plane, thus giving a real Hamiltonian and letting the above
proof hold. Nevertheless, the relation seems to hold for cases where the field has
nonzero components along the x, y, and z axes simultaneously, cases in which the
steady Hamiltonian will always contain some imaginary part.

Also, since one can use the rotating frame treatment to convert a time-dependent
Hamiltonian into a time-independent one, the above proof should hold for rotating
fields as well.

Note that if one could replace i by —i in eq. (A.10) (in effect this swaps A for A™)
and get the same overall results (sort of like time-reversal symmetry), proof of (A.37)
would be as easy as swapping r for n — r.

That both A"(A™)™ and (A*)" A™ are Hermitian can easily be proven using (AB)* =
BTAT:

[AM(AT)]T = AM(AT)" and  [(AT)"A"]T = (AT)" A" (A.40)

Also, doing spot checks via Mathematica it seems that for a 4 x 4 ()5 and general
A,n,m where A= —iH + R (H is Hermitian, R is real symmetric), one gets

QsA"(AN)"Qs = Qs(AT)"AQs = Qg (A.41)
with a complex conjugate of
QsA™(AT)'Qs = Qs(AT)" A" Qs = a* Qs (A.42)

where « is a complex scalar. Also, when n = m, one gets egs. (A.41) and (A.42)
with the real scalar a=a*. Egs. (A.41) and (A.42) are important when examining
eq. (A.37) since because Q% = Qzg,

tr(QsA™(AT)"Qg) = tr(QsA™(AT)™). (A.43)

131



